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Abstract. The main goal of this paper is to show that the notions of Weil and 
Cartier Q-divisors coincide for V-manifolds and give a procedure to express a 
rational Weil divisor as a rational Cartier divisor. The theory is illustrated on 
weighted projective spaces and weighted blow-ups. 
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Introduction 

Singularity Theory deals with the study of complex spaces with non smooth 
points. The most powerful tool to study singularities is resolution, i.e. a proper 
analytic morphism from a smooth variety which is an isomorphism outside the 
singular locus. The existence of such resolutions is guaranteed by the work of 
Hironaka. Usually the combinatorics of the exceptional divisor of the resolution is 
quite complicated. 

There is a class of singularities which is well understood, namely normal singu- 
larities which are obtained as the quotient of a ball in C" by the linear action of a 
finite group. Spaces admitting only such singularities are called 1^-manifolds and 
were introduced by Bailly. These varieties share several properties with manifolds, 
e.g. projective ^-manifolds also carry a Hodge structure and a natural notion of 
normal crossing divisors can be defined (called Q- normal crossing divisors). As it 
will be developed in the second author's Ph.D. thesis, the study of the so-called 
Q-resolutions (allowing quotient singularities, especially abelian) provides a better 
understanding of some families of singularities. 

Intersection theory is needed for this study; it is also required to deal with 
divisors on IZ-manifolds. Two kinds of divisors appear in the literature: Weil and 
Cartier divisors. Weil divisors are formal sums of hypersurfaces and Cartier divisors 
are global sections of the quotient sheaf of meromorphic functions modulo non- 
vanishing holomorphic functions. The relationship between Cartier divisors and line 
bundles provides a nice way to define the intersection multiplicity of two divisors. 
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In the smooth category, both notions coincide but this is not the case for singular 
varieties (not even for normal ones). One can also consider Weil and Cartier Q- 
divisors (tensorizing the corresponding groups by Q). The main result of this paper 
is that these two notions coincide for V^-manifolds and hence an intersection theory 
can be developed for Weil Q-divisors using the theory of line bundles. 

This result is probably known for specialists but we have not found a proof in the 
literature. There are some partial results for toric varieties (defined with simplicial 
cones). Moreover, in this work we give an algorithm to represent a Weil Q-divisor 
as a Cartier Q-divisor. We illustrate the use of this algorithm in an example living 
in a space obtained after a weighted blow-up. Such blow-ups can be understood 
from toric geometry but in this work they are presented in a more geometric way, 
generalizing standard blow-ups. For this definition, we need to describe abelian 
quotient singularities. In a forthcoming work, we will develop an intersection theory 
for surfaces with abelian quotient singularities. 

The paper is organized as follows. In ^we give a general presentation of vari- 
eties with quotient singularities and list their basic properties. In ^we deal with 
weighted projective spaces and in §31we introduce weighted-blow-ups. The main re- 
sults about rational Weil and Cartier divisors on 1^-manifolds are stated and proven 
in ^ We finish with some conclusions and the expected future work. 

Acknowledgements. We wish to express our gratitude to J.I. Cogolludo for his 
support. All authors are partially supported by the Spanish projects MTM2010- 
2010-21740-C02-02 and "E15 Grupo Consolidado Geometrla" from the government 
of Aragon. Also, the second author, J. Martin-Morales, is partially supported by 
FQM-333, Junta de Andalucia. 

1. F-Manifolds and Quotient Singularities 

Definition 1.1. A manifold of dimension n is a complex analytic space which 
admits an open covering {Ui} such that Ui is analytically isomorphic to Bi/Gi 
where Bi C C" is an open ball and Gi is a finite subgroup of GL{n, C). 

The concept of l^-manifolds was introduced in ||9J and they have the same homo- 
logical properties over Q as manifolds. For instance, they admit a Poincare duality 
if they are compact and carry a pure Hodge structure if they are compact and 
Kahler, see [2J. They have been locally classified by Prill To state this local 
result we need the following. 

Definition 1.2. A finite subgroup G of GL{n,C) is called small if no element of 
G has 1 as an eigenvalue of multiplicity precisely n — 1, that is, G does not contain 
rotations around hyperplanes other than the identity. 

For every finite subgroup G of GL{n, C) denote by Gbig the normal subgroup of G 
generated by all rotations around hyperplanes. Then the Gbig-invariant polynomials 
form a polynomial algebra and hence C"/Gbig is isomorphic to C". 

The group G/Gbig maps isomorphically to a small subgroup of GL(n, C), once 
a basis of invariant polynomials has been chosen. Hence the local classification of 
F-manifolds reduces to the classification of actions of small subgroups of GL{n, C). 

Theorem 1.3. ([S]). Let Gi, G2 be small subgroups of GL{n,C). Then C"/Gi is 
isomorphic to C"/G2 if and only if Gi and G2 are conjugate subgroups. □ 

We are interested in 1^-manifolds where the quotient spaces Bi/Gi are given by 
(finite) abelian groups. In this case the following notation is used. 

1.4. For d ;= *((ii . . . dr) we denote /id '■— fJ-di x • ■ • x fi^r a- finite abelian group 
written as a product of finite cyclic groups, that is, fidi is the cyclic group of d^-th 
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roots of unity in C. Consider a matrix of weight vectors 

A :— {aij)ij = [ai I • ■ • | a„] e Mat(r x n, Z), aj := *(aij . . . arj) G Mat(r x 1, Z), 
and the action 

(/idi X • . • X /id,,) X C" ^ C", ^d-^{U,---,U), 
x) ^ • • . • • ^1' • ■ • ' C" • • • • • ^«), X (xi, . . . , 
Note that the i-th row of the matrix A can be considered modulo di. The set of ah 
orbits C" /G is called (cyclic) quotient space of type (d; A) and it is denoted by 

di 



X{d;A) := X 



ail ■ ■ ■ 0,lr 



Orl 



The orbit of an element x £ C" under this action is denoted by [x]((j.^) and the 
subindex is omitted if no ambiguity seems likely to arise. Using multi-index notation 
the action takes the simple form 

Aid X C" C'\ 
(Id.x) ^ ^d -x (C2;i,---,C"a;„). 

The following classic result shows that the family of varieties which can locally be 
written like X{d; A) is exactly the same as the family of t/-manifolds with abelian 
quotient singularities. 

Lemma 1.5. Let G he a finite abelian subgroup of GL{n,C). Then C"/G is iso- 
morphic to some quotient space of type (d;A). 

Proof. The group G can be seen as a direct product of cyclic groups generated by 
matrices Mi , . . . , Mr of orders di, . . . ,dr such that 

G = {Af^ ■ • • m;- |zfe=0,...,dfe-l}. 

Each of these matrices M^, z = 1, . . . , r, is conjugated to Diag(C^" , • ■ • , Cd'") where 
C,di is a di-Vci primitive root of unity. Moreover, they are simultaneously diagonal- 
izable because they commute. This proves C"/G ~ ^(d; {aij)ij). □ 

Different types (d; A) can give rise to isomorphic quotient spaces, see Remark [1.6l 
We shall prove that they can always be represented by an upper triangular matrix 
of dimension (n — 1) x n, see Lemmas II. 81 and 11.91 Finding a simpler type (d; A) to 
represent a quotient space will lead us to the notions of normalized type and space, 
see Definition 11.111 

Remark 1.6. For n — 3 the simple group automorphism on fid x fid given by 
(.^jV) ^ (Cv^^jV) shows that the following two spaces are isomorphic under the 
identity map: 

d 
d 



X 



ail ai2 '^is \ ^ f d 
a2i 022 023 7 V ^ 



ail 0.12 oi3 

021 — Oil 022 — Oi2 023 — ^13 

Note that the determinants of the minors of order 2 are the same in both side of 
the previous equation. There is an obvious generalization for higher dimensions, 
allowing row operations when the two rows correspond to the same cyclic group. 
This is not a strong condition since we can also multiply any row (of d and A 
simultaneously) by an arbitrary integer. 

Example 1.7. When n = 1 all spaces X{d;A) are isomorphic to C. Divid- 
ing each row by gcd{di,ai) does not change the quotient and we can work with 
X{\di,...,dr);\oi,...,ar)) where gcd{di,ai) = 1. 



4 



E. ARTAL, J. MARTlN-MORALES, AND J. ORTIGAS-GALINDO 



The map [x] M> x''^ gives an isomorphism between X[di;ai) and C. For r = 2 
one has that (we write the symbol = when the isomorphism is induced by the 
identity map) 

- <C/fJ.d2 = X{d2;a2di) = C, 



To see the equahty (*) observe that ■ x'^i = ^<j2 ■ N = Kd^^:] = ^^''^'x'^i. It 
follows that the corresponding quotient space is isomorphic to C under the map 

[x] ^ a;l™l('il.d2)^ 

From Remark 11.61 and Example 11.71 the following lemmas follow easily. 

Lemma 1.8. The following operations do not change the isomorphism type of 
X{d:A). 

(1) Permutation a of columns of A, [x] i— > [(^^.(i), ■ • • ,x^(^n))]- 

(2) Permutation of rows of{d]A), [x] i— >■ [x]. 

(3) Multiplication of a row of {d; A) by a positive integer, [x] [x]. 

(4) Multiplication of a row of A by an integer coprime with the corresponding row 
in d, [x] H> [x]. 

(5) Replace Oij by aij + kdj , [x] [x] . 

(6) // e is coprime with ai.„, and divides di and ai,j, 1 < j < n, then replace, 
ai^n ^ eai^n, [x] [(xi, . . . ,x^)]. 

(7) If dr — 1 then eliminate the last row, [x] i~> [x] . 

Lemma 1.9. The space X(d:A) = C^/fid can always be represented by an upper 
triangular matrix of dimension (rt — 1) x n. More precisely, there exist a vector 
e := '(ei, . . . ,e„_i), a matrix B — {bij)ij, and an isomorphism [(xi, . . . ,x„)] i— >■ 
[(xi, . . . ,x^)] for some fc € N such that 



( 



X{d-A)^ 



ei 



V e„_i 



= X(e;i?). 



• • • &n-l,n-l &n-l,i 

1.10. The action shown in Equation ^ ofOis free on (C*)", i.e [x e (C*)", ■ 
X = x] = 1, if and only if the group homomorphism /id — > GL[n, C) given 

by 

(2) ^d = (e<ii,---,a)^Diag(C,---,C) 

is injective. If this is not the case, let H be the kernel of this group homomorphism. 
Then C" / H = C" and the group ^d/H acts freely on (C*)" under the previous 
identification. Thus one can always assume that the free and the small conditions 
are satisfied. This motivates the following definition. 

Definition 1.11. The type {d;A) is said to be normalized if the following two 
conditions hold. 

(1) The action is free on (C*)". 

(2) The group /Xd is identified with a small subgroup of GL{n,C) under the 
group homomorphism given in Equation ([2]) of 11.101 

By abuse of language we often say the space X{d; A) is written in a normalized 
form when we mean the type (d; A) is normalized. 

Proposition 1.12. The space X(d;A) is written in a normalized form if and only 
if the stabilizer subgroup of P is trivial for all P £ C" with exactly n — 1 coordinates 
different from zero. 
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In the cyclic case the stabilizer of a point as above ( with exactly n — 1 coordinates 
different from zero) has order gcd((i, ai, . . . , a^, . . . , a„). 

Using Lemma [1.81 it is possible to convert general types (d;^) into their nor- 
malized form. Theorem 11.31 allows one to decide whether two quotient spaces are 
isomorphic. In particular one can use this result to compute the singular points of 
the space X(d; A) and Proposition ll . 12l to decide if a given cyclic type is normalized. 

In Example 1 1.71 we explain the previous normalization process in dimension one. 
The two and three-dimensional cases are treated in the following examples. 

Example 1.13. Following Lemma fL^ all quotient spaces for n = 2 are cyclic. The 
space X{d] a, b) is written in a normalized form if and only if gcd(d, a) — gcd{d, b) — 
1. If this is not the case, one uses the isomorphisrrQ (assuming gcd{d, a, b) = 1) 

X{d;a,b) > X (^^d,a)(dfi)'-' jis)^ JIfi)) ' 
to convert it into a normalized one, see also Lemma ll.81 

Example 1.14. The quotient space X((i;a, 6,c) is written in a normalized form if 
and only if gcd((i, a, b) — gcA{d, a, c) — gcd{d, b,c) — 1. As above, isomorphisms of 
the form [{x, y, z)] i— >■ [{x, y, z'')] can be used to convert types (d; a, b, c) into their 
normalized form. 

In 13] Fujiki computes resolutions of these cyclic quotient singularities and also 
studies, among others, the properties shown above. 

2. Weighted Projective Spaces 

Weighted projective spaces are the main examples of 1^-manifolds. The main 
reference that has been used in this section is [3|. Here we concentrate our attention 
on describing the analytic structure and singularities. 

Let uj :— [qo, . . . , q„) be a weight vector, that is, a finite set of coprime positive 
integers. There is a natural action of the multiplicative group C* on C"+^ \ {0} 
given by 

{xo, --.jXri) I — > (t^xo, . . . ,i'"a;„). 

The set of orbits — ' under this action is denoted by (or P"(cj) in case of 
complicated weight vectors) and is called the weighted projective space of type uj. 
The class of a nonzero element (xq, . . . ,a;„) 6 C""^^ is denoted by [a;o : . . . : Xn]ui 
and the weight vector is omitted if no ambiguity seems likely to arise. When 
{qQ,...,qn) = (1, . . . , 1) one obtains the usual projective space and the weight 
vector is always omitted. For x G C""*"^ \ {0}, the closure of [x]^ in C"+^ is 
obtained by adding the origin and it is an algebraic curve. 

2.1. Analytic structure. As in the classical case, weighted projective spaces can 
be endowed with an analytic structure. However, in general they contain cyclic 
quotient singularities. To understand this structure, consider the decomposition 
= (7o U • • • U t/„, where Ui is the open set consisting of all elements [xq ■ ■ ■ ■ ■ Xn]uj 
with Xi ^ 0. The map 

V^o : C" — > Uq, tpo{xir • • , x„) := [1 : xi : . . . : Xn]u: 

is clearly a surjective analytic map but it is not a chart since injectivity fails. In 
fact, [1 : xi : . . . : Xn]ij = [1 : x[ : . . . , x'„]cj if and only if there exists ^ £ such 



The notation (ii, . . . ,1^) = gcd(ii , . . . ,1^) is used in case of complicated or long formulas. 
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that x[ = £,'^^Xi for aU i = 1, . . . , n. Hence the map above induces the isomorphism 

V'o : X{qo] qi, ...,qn) — > Uq, 

[{xi,...,Xn)] ^ [1 : 

Analogously, X{qi; qo, , qn) = Ui under the obvious analytic map. Since 
the transition maps are analytic, P" is an analytic space with cyclic quotient sin- 
gularities as claimed. 

2.2. Simplifying the weights. For different weight vectors uj and lj' the corre- 
sponding spaces P" and P", can be isomorphic. Consider 

d, ■.^gcd{qo,...,qi,...,qn), 

a := lcm(do, .. .,di,. .. ,d„). 

Note that ei\qi^ gcd{di,dj) = 1 for i j, and gcd{ei,di) = 1. 

Proposition 2.3. Using the notation above, the following map is an isomorphism: 

P«(<zo,...,g„) ^ P«(f^,...,f^), 

[xo : .. 

Proof. Since gcd(qi, di) — 1 we have ei — df) ■ . . . ■ di ■ . . . ■ dn- Now from Lemma 1 1.81 
one has the following sequence of isomorphisms of analytic spaces: 

X{qo; 91, ... , <z„) ^ X(qo; l.f^,...,%) X{f^; |i, ^, . . . , 

2nd 3rd nth 

V did2 ' dod2 ' dodi ' dodid2 ' ' ' ' ' dod-id2 ' ^ cq ' ei ' ' ' ' ' e^i 

Observe that in the i-th step, we divide the corresponding weight vector by di 
except the i-th coordinate and hence the associated map is 

[(xi , . . . , , . . . , )] i y [(xi , . . . , , . . . , X^ )] . 

Therefore [1 : xi : ... : Xn]u] ' — > [1 ■ xf^ : . . . : a;fi"]w' is an isomorphism by 
composition. Analogously one proceeds with the other charts. □ 

Remark 2.4. Note that, due to the preceding proposition, one can always assume 
the weight vector satisfies gcd(qo, qn) = 1, for i = 0, . . . ,n. In particular, 

lP^{qQ,qi) = P^ and for n — 2 we can take (go, 91,92) relatively prime numbers. In 
higher dimension the situation is a bit more complicated. 

3. Weighted Blow-ups and Embedded Q-Resolutions 

Classically an embedded resolution of {/ = 0} C C" is a proper map tt : X — > 
(C", 0) from a smooth variety X satisfying, among other conditions, that 7r^^({/ = 
0}) is a normal crossing divisor. To weaken the condition on the preimage of 
the singularity we allow the new ambient space X to contain abelian quotient 
singularities and the divisor 7r^^({/ ~ 0}) to have normal crossings over this kind of 
varieties. This notion of normal crossing divisor on V^-manifolds was first introduced 
by Steenbrink in [10 ^ 

Definition 3.1. Let X be a T/- manifold with abelian quotient singularities. A 
hypersurface _D on X is said to be with Q-normal crossings if it is locally iso- 
morphic to the quotient of a union of coordinate hyperplanes under a group ac- 
tion of type {d;A). That is, given x G X, there is an isomorphism of germs 
{X,x) ~ {X{d;A), [0]) such that {D,x) C {X,x) is identified under this morphism 
with a germ of the form 

({[x]eX(d;A)|xr-...-xr=0},[(0,...,0)]). 
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Let M = C"+^//id be an abelian quotient space not necessarily cyclic or written 
in normalized form. Consider H C M an analytic subvariety of codimension one. 

Definition 3.2. An embedded Q-resolution oi {H,0) C {M,0) is a proper analytic 
map TT : X -+ {M, 0) such that: 

(1) X is a V^-manifold with abelian quotient singularities. 

(2) TT is an isomorphism over X \ 7r^^(Sing(iJ)). 

(3) TT^^{H) is a hypersurface with Q-normal crossings on X. 

Remark 3.3. Let / : (Af, 0) — ?> (C, 0) be a non-constant analytic function germ. 
Consider {H, 0) the hypersurface defined by / on {M, 0). Let tt : X ~> {M, 0) be an 
embedded Q-resolution of {H,0) C (M,0). Then 7r-i(iJ) = (/ o n)-^{0) is locally 
given by a function of the form x™^ • . . . • a;™'' : X{d;A) C for some type (d; A). 

3.4. Classical blow-up of C"+^. Using multi-index notation we consider 

C"+i := {(x, [u]) 6 C"+^ X P" I X e p}. 

Then tt : C"+"'^ — > C"+"'^ is an isomorphism over C"+"'^ \ 7r^-'^(0). The exceptional 
divisor E ~ n-^{0) is identified with P". The space (6"+^ = C/q U • • • U t/„ can 
be covered with n + 1 charts each of them isomorphic to C"+^. For instance, the 
following map defines an isomorphism: 

X H> ({xo,xoXi,. . .,xoXn),[l ■■ Xi : . . . : Xn])- 

3.5. Weighted {po, . . . ,p„)-blow-up of C"+^. Let oj = (po, • ■ • ,Pn) be a weight 
vector. As above, consider the space 

C"+i(^) := {(x, [u] J e C"+i X P^ I X G MJ. 

Here the condition about the closure means that 3t G C, Xi ^ t^^Ui, i = 
0, . . . ,n. Then the natural projection tt : <C"'^^{uj) — >■ C"^"'^ is an isomorphism over 
C"+^(w) \ 7r"i(0) and the exceptional divisor E := 7r"i(0) is identified with P^. 
Again the space C"+^ (w) = J/o U • ■ • U C/„ can be covered with n -I- 1 charts. However, 
ipo : C"+-^ Uq given by 

Cn+i ^ Uo = {uo^O} C C"+\u), 

is surjective but not injective. In fact foi^a) — y^oiy) if and only if 

yo = C^^xo, 

yi=£P-Xi, i = l,...,n. 
Hence the previous map (^o induces an isomorphism 

X{po; -l,Pi, ■■■,Pn) — > J/o- 

Note that these charts are compatible with the ones described in l2.1l for the weighted 
projective space. Li Uq the exceptional divisor is {xq = 0} and the first chart of P" 
is the quotient space X{pQ; pi, . . . ,p„). 

3.6. Weighted w-blow-up of X{d; A). The action /id on C"+^ extends naturally 
to an action on C"+^(a;) as follows, 

Id • (x, [u]„) ((ld°2;o, ■ • ■,$!^Xn), Kd'''"o : ■ • ■ : C"'""]'^) • 

Let X{d\ A){lo) := C"+^(a;)//id denote the quotient space under this action. 
Then the induced projection 

nr : X(d^)(^) — > X(d; A), [(x, [u]^)] ^^^^^ ^ [x](d;A) 



3? e 
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is an isomorphism over X{d; A){oj) \ n ^([0]) and the exceptional divisor E := 
7r-i([0]) is identified with P^/Md- 

The action /id above respects the charts of C""*"^ (w) so that the new ambient 
space can be covered as 

where Ui := Ui/fXd = {ui 0}- 

Let us study for instance the first chart. By using (po one identifies Uo with 

X{po; • ■ • ,Pn)- 

Let us consider the space X{pod; (ao|poai — piao| . . . \poSin — Pn^))- Since the 
following diagram commutes: 



Po 



poa„-p„ao^ 
Pod 



(^Po ™Pi^^ tP"t ) i-S- rtPoaOrPo tPoai pi dPoa„ p„ \ 

(Xq , XI, . . . , J^n ) ^'>pod ' ''pod "^0 1 J • ' • ) Spod ''■O -^"J 

where the vertical arrows are the chart morphisms, the upper arrow corresponds to 
the action defining X(pod; (aolpo^i ^ Pi^-ol • • • \po^n — Pn^)) and the lower arrow 
to the one defining X{pod;poA) = X(d;A). Since the chart is an isomorphism for 
X{pq; — . . . ,Pn) we conclude that 




Pi 



Pn 



PO^n -Pn^Oi 



Poai -piao 

is isomorphic to Uq and the isomorphism is defined by 

[x] I ^ [((ajg" , aJg^aJi , . . . , a;Q"a:;„), [1 : a;i : . . . : a;„][^,)] . 

For i = one proceeds analogously. As for the the exceptional divisor 

E = 7r^^(0) = P^//Xd, it is as usual covered by U • • • U ^ so that these charts 

are compatible with the ones of X(d; A){uj) in the sense that Vi = Ui\{xi=o}j i = 
0, . . . , n. Hence, for example, 

%=X 



Po 
Pod 



Pi 

poai - _piao 



Poa„ - p„ao 
Example 3.7. We study the weighted blow-up 

71" := 7r(d;a,b),c^ : X{d\ a, h)^ — > X{d; a, b) 

of the origin of a normalized space X{d; a, h) with respect to w = (p, q). The new 
space is covered by 

C/i U f/a = X 

and the charts are given by 

First chart 



P 

pd 



-1 q 
a pb — qa 



UX 



qd 



P -1 
qa — pb b 



P 
pd 



-1 q 
a pb — qa 



Ui, 



[{x,y)] ^ [{{xP,x'^y),[l:y]^)] 



Second chart 



X 



q 

qd 



P 

qa — pb 



U2 



[{x,y)] ^ [((xt/f,y«),[:r :!]„)] 



by 
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The exceptional divisor E = tt^ 



{d;a,b),u} 



(0) is identified with the quotient space 



a, b) := W"]^/ which is isomorphic to under the map 



*i(d;a,6) 
[x : y\u, 



where e := gcd{d,pb — qa). Again tlic singular points are cyclic and correspond to 
the origins. To normalize these quotient spaces, note that e = gcd{d,pb — qa) = 
gcd(d, —q + fipb) = gcd(p<i, —q + fipb) = gcd{qd,p — qa^), where fia = fib = 1 
mod d. 

Then another expression for the two charts are given below. 



First chart 



(3) 



-q + I3pb 



e e 



Second chart 



X 



qd 
e 



~p + jjLqa 



U2, 



Both quotient spaces are now written in their normalized form. 

Example 3.8. Let tt := tTo, : Cj^ — ?■ be the weighted blow-up at the origin with 
respect to w = {p,q,r), gcd(a;) = 1. The new space is covered as 

Cl = UiUU2UU3 = X{p; -1, q, r) U X{q- p, -1, r) U X{r;p, q, -1), 
and the charts are given by 



(4) 



X{p; -l,q,r) 
X{q\p, -l,r) 
X{r;p,q,-l) 



Ui 
U2 
U3 



[{x, y, z)] ^ i{xP, xiy, x'^z), [I : y : z]^,), 
[{x, y, z)] {{xyP, y'^, y^'z), [x : I : z\uj), 
[{x, y, z)] {{xzP, yz'i, z''), [x : y : l]^). 



In general Cj^ has three lines of (cyclic quotient) singular points located at the 
three axes of the exceptional divisor 7rJ^(0) 2± P^. Namely, a generic point in a; = 
is a cycUc point of type C x X{g,cd{q,r);p, —1). 

Note that although the quotient spaces are written in their normalized form, the 
exceptional divisor can be simplified: 



P2(p,g,r) 



(P, r) ■ {p, q) ' {q,p) ■ {q, r) ' (r,p) • (r, q) 



[x -.y : z] 



|-^gcd(g,r) . ygcd(p,r) . _j,gcd(p,g)j_ 



Using just a weighted blow-up of this kind, one can find an embedded Q-resolution 
for Brieskorn-Pham surfaces singularities, i.e. a;" + + z''' = 0. For simplicity, let 
us assume a, b, c are pairwise coprime and consider the weight ui := {p, q, r) where 
p := be, q := ac and r = ab. The blow-up gives a Q-resolution of this singularity. 
The exceptional divisor E is isomorphic to ^ P^. The intersection of the strict 
transform with is a generic fine in P^. Note that the space CjJ, has three singular 
points of type (6c; — 1, oc, a6), (ac; 6c, — 1, a6) and (a6; 6c, ac, — 1), and three strata 
(isomorphic to C*) with transversal singularities of type X{a; be, —1), X{b; ac, —1) 
and X{c; ab, —1). 
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4. Cartier and Weil Divisors on V"-Manifolds: Q-Divisors 

The aim of this section is to show that when X is a y-manifold there is an iso- 
morphism of (Q)- vector spaces between Cartier and Weil divisors, see Theorem l4.12l 
below. It is explained in 14. 171 how to write explicitly a Q-Weil divisor as a Q-Cartier 
divisor. Also, the case of the exceptional divisor of a weighted blow-up is treated 
in Example 14.181 

4.1. Divisors on complex analytic varieties. 

Let X be an irreducible complex analytic variety. As usual, consider Ox the 
structure sheaf of X and ICx the sheaf of total quotient rings of Ox ■ Denote by 
ICX^ the (multiplicative) sheaf of invertible elements in ICx ■ Similarly is the sheaf 
of invertible elements in Ox ■ Note that Ox (resp. ICx ) is the sheaf of holomorphic 
(resp. meromorphic) functions and Ox (resp. ICx) is the sheaf of nowhere- vanishing 
holomorphic (resp. non-zero meromorphic) functions. 

Remark 4.1. By a complex analytic variety we mean a reduced complex space. A 
subvariety y of X is a reduced closed complex subspace of A", or equivalently, an 
analytic set in A, cf. [H]. An irreducible subvariety V corresponds to a prime ideal 
in the ring of sections of any local complex model space meeting V . 

Definition 4.2. A Cartier divisor on A is a global section of the sheaf ICx /Ox, 
that is, an element in r(A, /C^^/Cx) = H° {X , ICx / Ox) ■ Any Cartier divisor can be 
represented by giving an open covering {J7i}ig/ of X and, for all i G /, an element 
fi e T{Ui,IC*x) such that 

eT{u,nUj,0*x), 

Jj 

Two systems {{Ui, fi)}i^i, {{Vj, gj)}jizj represent the same Cartier divisor if and 
only if on Ui DVj, fi and gj differ by a multiplicative factor in Ox{Ui n V,)*. 
The abelian group of Cartier divisors on X is denoted by CaDiv(A). If D := 
{{U^Ji)}^eI and E := {iVj,gj)}jeJ then D + E = {{U,n VjJ,gj)],eh3eJ- 

The functions Ji above are called local equations of the divisor on Ui. A Cartier 
divisor on X is effective if it can be represented by {{Ui, fi)}i with all local equations 
f^€T{U,,Ox). 

Any global section / e T(X,ICx) determines a principal Cartier divisor {f)x '■= 
{(A,/)} by taking all local equations equal to /. That is, a Cartier divisor is 
principal if it is in the image of the natural map r(A, IC*x) — > r(A, lC*x /0*x)- Two 
Cartier divisors D and E are linearly equivalent, denoted hy D ^ E, if they differ by 
a principal divisor. The Picard group Pic(A) denotes the group of linear equivalence 
classes of Cartier divisors. 

The support of a Cartier divisor D, denoted by Supp(£') or \D\, is the subset of 
X consisting of all points x such that a local equation for D is not in 0*x ^ ■ The 
support of Z) is a closed subset of X. 

Definition 4.3. A Weil divisor on A is a locally finite linear combination with 
integral coefficients of irreducible subvarieties of codimension one. The abelian 
group of Weil divisors on X is denoted by WeDiv(A). If all coefficients appearing 
in the sum are non-negative, the Weil divisor is called effective. 

Remark 4.4. In the algebraic category the locally finite sum of Definition 14.31 is 
automatically finite. Therefore WeDiv(A) is the free abelian group on the codi- 
mension one irreducible algebraic subvarieties of X. Similar considerations hold if 
A is a compact analytic variety. 
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Given a Cartier divisor there is a Weil divisor associated with it. To see this, 
the notion of order of a divisor along an irreducible subvariety of codimension one 
is needed. 

4.5. Order function. Let 1/ C X be an irreducible subvariety of codimension one. 
It corresponds to a prime ideal in the ring of sections of any local complex model 
space meeting V. The local ring of X along V, denoted by Ox,v, is the localization 
of such ring of sections at the corresponding prime ideal; it is a one-dimensional 
local domain. 

For a given / G Ox,v define ord\/(/) to be 

ordv(/) Icngthc^^ (^Tt) ' 

This determines a well-defined group homomorphism ordy : T{X,IC'^) Z satis- 
fying, for a given / € T{X,JCx), the following local finiteness property: 

Va; e X, 3U^ C X open neighborhood of x \ #{ordy(/) ^0\VnU^^$} < +00. 

The previous length, X being a complex analytic variety of dimension n > 2, 
can be computed as follows. Choose x € V such that x is smooth in X and {V, x) 
defines an irreducible germ. This germ is the zero set of an irreducible g G Ox,x- 
Then ordy(/) = OTdv,x{f), where ordy_a;(/) is the classical order of a meromorphic 
function at a smooth point with respect to an irreducible subvariety of codimension 
one; it is known to be given by the equality / = g™'^ ■ h e Ox,x where h \ g. The 
same applies if X is 1-dimensional and smooth. 

Remark 4.6. The order ordy^xif) does not depend on the defining equation g, 
as long cLS wG choose g irreducible. In fact , two irreducible Q q' £ ^x^x 

with 

V[g) — V{g') only differ by a unit in Ox,x- Moreover, ordy_a;(/) does not depend 
on X, since the set Vred of regular points is connected if V is irreducible. 

Now if Z? is a Cartier divisor on X, one writes ordy(£') = ordy(/i) where fi is a 
local equation of D on any open set Ui with Uif^V^^. This is well defined since 
fi is uniquely determined up to multiplication by units and the order function is a 
homomorphism. Define the associated Weil divisor of a Cartier divisor D by 

Tx ■■ CaDiv(X) — > WeDiv(X), 

D ^ ^ ordy(i?).[\^], 

vex 

where the sum is taken over all codimension one irreducible subvarieties V of X. 
The previous sum is locally finite, i.e. for any x € X there exists an open neighbor- 
hood U such that the set {ordy (D) ^ \V nU ^ 0} is finite. By the additivity of 
the order function, the mapping Tx is a homomorphism of abelian groups. 

A Weil divisor is principal if it is the image of a principal Cartier divisor under 
Tx; they form a subgroup of WeDiv(X). If Cl{X) denotes the quotient group of 
their equivalence classes, then Tx induces a morphism Pic(X) — >■ C\{X). 

These two homomorphisms (Tx and the induced one) are in general neither 
injective nor surjective. In this sense one has the following result. 

Theorem 4.7. (cf. |7j 21.6]). If X is normal (resp. locally factorial) then the previ- 
ous maps CaDiv(X) WeDiv(X) and V\c{X) G\{X) are injective (resp. bijec- 
tive). The image of the first map is the subgroup of locally principal Weil divisors. 



A Weil divisor D on X is said to be locally principal if X can be covered by open sets U such 
that D\if is principal for each U. 
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Remark 4.8. Locally factorial essentially means that every local ring Ox.x is a 
unique factorization domain. In particular, every smooth analytic variety is locally 
factorial. In such a case, Cartier and Weil divisors are identified and denoted by 
Div{X) :— CaDiv(X) = WeDiv(X). Their equivalence classes coincide under this 
identification and we often write Pic{X) = C\{X). 

Example 4.9. Let X be the surface in C'^ defined by the equation — xy. The 
line V — {x = z = 0} defines a Weil divisor which is not a Cartier divisor. In 
this case Pic{X) = and C\{X) = Z/(2). Note that X is normal but not locally 
factorial. However, the associated Weil divisor of {{X,x)} is 

Tx({(X,x)}) = • = 

ZCX, irred 
codim(Z) — 1 

Thus [V] is principal as an element in WeDiv(X) ®z Q and corresponds to the 
Q-Cartier divisor ^{{X,x)}. 

This fact can be interpreted as follows. First note that identifying our surface X 
with X{2-,1,1) under [{x,y)] H> {x"^ , y"^ , xy) , the previous Weil divisor corresponds 
to D = {x = 0}. Although f = x defines a zero set on X{2-, 1, 1), it does not induce 
a function on the quotient space. However, x'^ : X{2; 1, 1) — > C is a well-defined 
function and gives rise to the same zero set as /. Hence as Q-Cartier divisors one 
writes D = ^{iX{2; 1, 1), x^)}. 

4.2. Divisors on F-manifolds. 

Example 14.91 above illustrates the general behavior of Cartier and Weil divisors 
on V^-manifolds, namely Weil divisors are all locally principal over Q. To prove it 
we need some preliminaries. 

Lemma 4.10. Let B C C" be an open ball and let G be a finite group acting on 
B. Then one has C\{B/G) Q = 0. 

Proof. Let V <Z B /G —: U he an irreducible subvariety of codimension one. We 
shall prove that there exists fc > 1 such that k\V] G WeDiv(C/) is principal. 

Consider the natural projection tt : B U. Then W := tt^^{V) gives rise to an 
effective Weil divisor on the open ball B. There exists f : B ^ C a. holomorphic 
function such that W = {f = 0} C B. Thus, 

V = tt{W) = {[x] I X e i?, /(x) = 0} = {/ = 0} C (7. 

Moreover, by construction the holomorphic function / satisfies the following 
property 

(5) yPeU,[f{P)=0 =^ f{<j-P)=0,yaeG]. 

Note that / does not necessarily defines an analytic function on U. This reflects 
the fact that, although V is given by just one equation, [V] G WeDiv(C/) is not prin- 
cipal, see Example 14.91 Now the main idea is to change / by another holomorphic 
function F such that V ^ {F = 0} but now with F e r(C/, Ou)- 

Let us consider F = Yiaea f"^ where /"^(x) = /(cr • x); clearly it verifies the 
previous conditions. Then {([/, F)} is a principal Cartier divisor and its associated 
Weil divisor is 

TuimF)}) = J2 • [^] = ordy(F) • [V]. 

ZCU, irred 
codiin(2) — 1 

Note that oidz{F) ^ implies Z — V, since V is irreducible. □ 

Remark 4.11. Note that the proof of this result is based on an idea extracted 
from Ex. 1.7.6]. 
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Theorem 4.12. Let X be a V -manifold. Then the notion of Cartier and Weil 
divisor coincide over Q. More precisely, the linear map 

Tx®l: CaDiv(X) ®z Q — > WeDiv(X) ®z Q 

is an isomorphism of Q-vector spaces. In particular, for a given Weil divisor D on 
X there always exists k €Z such that kD G CaDiv(X). 

Proof. The variety X is normal and then Theorem 14.71 appHes . Therefore the hnear 
map Tx eg) 1 is injective and its image is the Q- vector space generated by the locally 
principal Weil divisors on X . 

Let y C X be an irreducible subvariety of codimension one. Consider {Ui}i 
an open covering of X such that Ui is analytically isomorphic to Bi/Gi where 
Bi C C" is an open ball and Gi is a finite subgroup of GL{n, C). By Lemma [4. 101 
Cl([/,) ® Q = for all i. 

Thus is principal as an element in WeDiv (Ui) ®z Q which implies that V 

is locally principal over Q and hence belongs to the image of Tx C2) 1. □ 

Definition 4.13. Let X be a l/-manifold. The vector space of Q-Cartier divisors 
is identified under Tx with the vector space of Q-Weil divisors. A Q-divisor on X 
is an element in CaDiv(X) ®z Q = WeDiv(X) <Siz Q- The set of all Q-divisors on 
X is denoted by Q-Div(X). 

4.3. Writing a Weil divisor as a Q-Cartier divisor. 

Following the proofs of Lemma 14.101 and Theorem 14.121 every Weil divisor on X 
can locally be written as Q-Cartier divisor like 

where F — YlaeG -f^ ^'^'^ V OU = {/ = 0} with f : B ^ C being holomorphic on 
an open ball and satisfying ([S]). 

The rest of this section is devoted to explicitly calculating ordy(F). First, in 
Proposition l4. 141 it is shown that F is essentially a power of /, if the latter is chosen 
properly. Then, ordv(_F) is computed in Proposition 14 . 1 b1 

Proposition 4.14. Let f : B ^ C be a non-zero holomorphic function on an open 
ball B C C" such that the germ f^ G Ob,x is reduced for all x £ B. Let G be a 
finite subgroup of GL{n,C) acting on B. As above consider F = rio-eG /"^ where 
/"^(x) = /(cr • x). The following conditions are equivalent: 

(1) VP e B, [fiP) = =^ /(a • P) - 0, G G] . 

(2) Vcr G G, 3ha G T{B, 0*b) such that f ^ h^f. 

(3) 3h G r(P, 0*b) such that F = hf\^\ . 

(4) 3fc > 1, 3/i G r(P, 0*g) such that hf^ G V{B/G, Ob/g)- 

Proof. For H]) =^ (HI), first note that G IV{f ) (the ideal of the zero locus of /). 
Now fix a; G -B. Since fx is reduced, there exists a holomorphic function /i on a 
small enough open neighborhood of x such that as germs {f'^)x — h-xfx- The order 
of the converging power series {f'^)x and fx are equal because the action is linear. 
Thus hx is a unit in Ob,x- In particular ^ is holomorphic and does not vanish at 
X G B. 

For (12) ©■ consider h — Ho-eG ^<^- Then one has 

F-\{r=I[{h.f) = (\{hXf\^^\ = hf\°\. 

For ([3]) => (g]), since F : B/G ^- C is analytic, take k = \G\. Finally, note that 
VP G B, f{P) = ^ {.hf^){P) = {hf^){cf ■ P) ^ Q ^ f{(j ■ P) ^ 0. Hence 
=^ © follows and the proof is complete. □ 
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This example shows that the reduceness condition in the statement of the pre- 
vious resuh is necessary. 

Example 4.15. Let / = {x"^ +y){x^ — y)^ G C[a::,?/] and consider the cyclic quotient 
space M = X{2; 1, 1). Then {/ = 0} C M defines a zero set, i.e. condition (1) holds, 
but there are no fc > 1 and h £ T(B, 0^) such that hf'^ is a well-defined function 
over AI. 

Proposition 4.16. Let B C C" he an open hall and G a finite suhgroup ofGL{n, C) 
acting on B. Let V C B/G =: U be an irreducihle subvariety of codimension one 
and consider 

F=Y[f^ 

aeG 

where f : B ^ C is a holomorphic function defining V . 

If G is small and f is chosen so that fx & Ob,x is reduced \/x G B, then 
ordviF -.U ^C) = \G\. 

Proof. Choose [P] G V such that [P] is smooth in U and (V, [P]) defines an irre- 
ducible germ; then ordy(i^) = ordy [p](i^), see 14.51 

By Theorem 11.31 since G is small and [P] G [/ is smooth, using the covering 
TT : B —i' U, one finds an isomorphism of germs (U, [P]) = {B/Gp, [P]) = {B,P) 
induced by the identity map. The germ (V, [P]) is converted under this isomorphism 
into {W, P) where W is the zero set of fp G Ob.p- 

By Proposition mH there exists h G T{B,Og) such that F = hf\^\. Then 
the required order is ovAv\p]{F : U ^ C) = ordy(/j,).p(/i/l'^l : B ^ C) = \G\ as 
claimed. □ 

4.17. Here we summarize how to write a Weil divisor as a Q-Cartier divisor where 
X is an algebraic l^-manifold. 

(1) Write D = ^ WeDiv(X), where a, G Z and V^ C X irreducible. 
Also choose {Uj}j^j an open covering of X such that Uj = Bj/Gj where 
Bj C C" is an open ball and Gj is a small finite subgroup of GL{n, C). 

(2) For each {i,j) E I x J choose a reduce polynomial fij : Uj C such that 
V^ n Uj = = 0}, then 

mu,]^j^^m,flf)}. 

(3) Identifying {{Uj,fl^/)} with its image CaDiv(t/j) ^ CaDiv(X), one fi- 
nally writes D as a sum of locally principal Cartier divisors over Q, 



{z,j)€lxJ^ ^' 



We finish this section with an example where the exceptional divisor of a weighted 
blow-up (which is in general just a Weil divisor) is explicitly written as a Q-Cartier 
divisor. 

Example 4.18. Let X be a surface with abelian quotient singularities. Let tt : 
X ^ X he the weighted blow-up at a point of type (d; a, b) with respect to uj = 
{p, q). In general, the exceptional divisor E :— 7r^^(0) = ^hi^'l O'l b) is a Weil divisor 
on X which does not correspond to a Cartier divisor. Let us write E as an element 
in CaDiv(X) (g)z Q. 

As in 13.71 assume tt := 7r^d;a,b).Lj ■ -^id] ciTb)^ — > X{d;a,b). Assume also that 
gcd(p, g) = 1 and (d;a,b) is normalized. Using the notation introduced in 13.71 the 
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space X is covered by Ui U U2 and the first chart is given by 



(6) 



where e := gcd{d,pb — qa), see 13.71 for details. 

In the first chart, E is the Weil divisor {x — 0} C Qi- Note that the type 
representing the space Qi is in a normalized form and hence the corresponding 
subgroup of GL{2,C) is small. 

Following the discussion 14.171 the divisor {x = 0} C Qi is written as an ele- 
ment in CaDiv((5i) ®z Q like ^{(Qi, a;^)}, which is mapped to j^{{Ui,x'^)} G 
CaDiv(J7i) 02 Q under the isomorphism ©. 

Analogously E in the second chart is ■^{{U2, y'^)}- Finally one writes the excep- 
tional divisor of tt as claimed, 



5. Conclusions and Future Work 

In order to define the intersection number between two divisors the following fact 
is essential. Let X be a compact connected Riemann surface and let tt : ii^ — )■ X be 
a complex line bundle. Such a line bundle admits non-trivial meromorphic sections 
and the degree of such a section (the sum of the orders of the zeroes minus the sum 
of the orders of the poles) only depends on E. In order to define the intersection 
number between two divisors on a ^-surface (one of them with compact support), 
we can assume (up to multiplication by an integer) that they are Cartier divisors. 
Then, it is possible to define the intersection number as the degree of the pull-back 
in the normalization of the compact divisor of the line bundle associated with the 
other divisor. These ideas will be developed in a [Ij. The following is an illustrative 
example. 

Example 5.1. Let X = F"^^ ^ and consider the Weil divisors Di = {x ^ 0} and 
D2 = {y = 0}. Let us compute the Weil divisor associated with j|j^£)2, where 
joi : Di ^ X is the inclusion. Following 14. 171 the divisor D2 can be written as 

D2 = i(2D2) = l{{Ui,^), {U2, 1), (C/3, ^)} G CaDiv(X) ®z Q, 

where the covering is the one given in Section [21 Recall that C/3 = X(2; 1, 1). By 
definition, since Di ^ D2, the pull-back is 

rD,D2 - ^{{U2 n D,, 1), (Us n D,, ^)} = ^E 
and its associated Weil divisor on Di is 

TdAjKD2) = IJ2 • = ^Ol-d[0:0:l](i?) • [0 I I 1] = ^ • [0 : I 1] . 

P£E 

Note that there is an isomorphism C/3 n Di = X{2; 1) ~ C, [y] ^ y^, and the 
function : X(2; 1) — s> C is converted into the identity map C — ?> C under this 
isomorphism. Hence, using the third chart, ord[o:0:i](-E') — 1- It is natural to define 
the (global and local) intersection multiplicity as Di ■ D2 ^ [Di ■ -D2)[o:0:i] = \- 
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